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^ . Abstract 



It is shown that the counting function of n Boolean variables can 
be implemented with the formulae of size 0(n 3,06 ) over the basis of 
all 2-input Boolean functions and of size 0(n 4 ' 54 ) over the standard 
basis. The same bounds follow for the complexity of any threshold 
symmetric function of n variables and particularly for the majority 
function. Any bit of the product of binary numbers of length n can 
be computed by formulae of size 0(n 4 ' 06 ) or 0(n 5 ' 54 ) depending on 
basis. Incidentally the bounds 0(n 3,23 ) and 0(n ) on the formula 
size of any symmetric function of n variables with respect to the basis 
are obtained. 



1 Introduction 

We consider the complexity of implementation of symmetric Boolean functi- 
ons with formulae over the basis B 2 of all binary Boolean functions and over 
the standard basis B = {A,V, — }. All necessary notions of formulae and 
complexity Ls{f) of implementation of function / with formulae over basis 
B one can find in [U H] . 

The best known results on the complexity and the depth of implementa- 
tion of symmetric functions with either circuits or formulae over complete 
bases depend on the efficient implementation of the counting function 
C n (xi, . . . , x n ) calculating the sum of Boolean variables x±, . . . , x n . Reduc- 
tion to the computation of C n is a way of minimization of the depth and the 
complexity of formulae for multiplication of binary numbers. 



*Research supported in part by RFBR, grants 11-01-00508, 11-01-00792, and OMN 
RAS "Algebraic and combinatorial methods of mathematical cybernetics and information 
systems of new generation" program (project "Problems of optimal synthesis of control 
systems"). 
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In its turn, efficient circuits and formulae for the counting function can 
be built of CSA-unitsQ (k, Z)-CSA of width 1 implements a Boolean function 
(xi, . . . , Xk) —> (yi, ■ ■ ■ , yi) according to condition ^2 aiXi = ^2 ^j x ji where 
k > I and constants a«, bj are the integer powers of two. (k, Z)-CSA of arbi- 
trary width can be composed of parallel copies of width 1 CSA's. It allows 
to reduce addition of k numbers to addition of I numbers. 

With the use of appropriate CSA's and method [5] the bounds L B2 {C n ) = 
0(n 313 ), LB (C n ) = 0(n 4,57 ) were obtained in [7] improving upon preceding 
known results L B2 (C n ) = 0(n 3 - 32 ) [8] and L Bo (C n ) = 0{n 4m ) [2] (some 
earlier results see in [6]). 

In the recent paper [3] it was built a new CSA (called MDFA) which 
allows to implement the function C n with a circuit over B 2 of the best known 
complexity 4.5n (improving the old previous bound 5n). Efficient use of the 
CSA |3J implies encoding of some pairs of bits u, v in the form (u(Bv, v) (such 
encoding was introduced in |Qj). A benefit in complexity is due to (a) one can 
compute a pair [u © v, v) not harder than (w, v), (b) following computations 
need u © v rather than u — that's why one Boolean addition can be saved. 

Note that by the above reasons one can expect MDFA to be efficient for 
implementation with formulae. Indeed, MDFA allows shorter formulae for 
u © v than formulae for u and v together. 

This observation was exploited implicitly in the construction of the for- 
mula efficient CSA in [7\. The CSA contains MDFA with its outputs con- 
nected to the standard (3, 2)-CSA FA 3 . What makes the CSA [7] more 
efficient than the standard (3,2)-CSA is exactly intermediate (u © v,v) en- 
coding (the (3, 2)-CSA alone leads to the bound Ls 2 (C„) = 0(n 3 - 21 ), see [6]). 

Moreover, as far as MDFA saves circuit complexity, CSA [7J also does it: 
its circuit complexity is 14@ Thus, the CSA allows to implement C n with 
(14/3)n circuit complexity. So, it was possible to overcome the 5n barrier in 
the 90-es. 

It is natural to conclude that the CSA [7j does not use MDFA optimally 
to construct shorter formulae. We will show below that one can obtain the 
bound LB 2 (C n ) = 0(n 3m ) via more independent way of exploiting MDFA. 
However, proposed method is also not optimal. 

An analogous idea works in the case of basis B . In the case one can try 
monotone encoding (uv, uVv) of a pair of bits u and v. Such encoding makes 
the most significant outputs of a CSA to be monotone functions of inputs (in 
fact, these functions are threshold if all inputs are of the same significance). 
It can be reasonable since the known CSA's over B have non-monotone 

1 CSA is abbreviature for Carry Save Adder. 

2 Formula for the circuit implementation slightly differs from the shortest one. 
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outputs to be most difficult for implementation. 

We will describe below (5, 3)-CSA SFA 5 , an analogue of MDFA for mono- 
tone encoding. With the use of it the bound L Bo (C n ) = 0(n 4 ' 55 ) is rather 
simple to obtain. Slightly better bound Lb {C ti ) = 0(n 454 ) follows from the 
more complicated construction based on the (7, 3)-CSA |2J and monotone 
encoding of triples of bits. 

Let S n denote the class of symmetric Boolean functions of n variables. 
New upper bounds for majority function does not provide automatic reduc- 
tion of the size of formulae implementing functions from S n due to the fact 
that the known methods [21 [5] limit the efficiency of CSA's with inputs and 
outputs of multiple types. 

However, it is not hard to aggregate several CSA's with non-standard 
encoding of bits into single CSA with the standard encoding and apply 
the method [5] to obtain bounds L B2 (S n ) = 0(n 3 - 23 ), L Bo (S n ) = 0(n 4 - 82 ) 
improving earlier results L B2 (S n ) = 0(n 3 - 30 ) [5], L B2 (S n ) = 0(n 3 - 37 ) [8], 
L BQ {Sn) = 0(n 4 - 85 ) |5], L Bo (S n ) = 0(n 4 - 93 ) 0. 

It is worth noting that basic CSA's in the present paper are structurally 
similar or in any case are not more complicated than the CSA's in preceding 
papers. So, the improvement in complexity bounds is entirely a result of 
exploiting the idea of alternative encoding of bits. 

2 Formulae over B2 
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Figure 1: MDFA block-diagram 



Fig. 1 shows a block-diagram of MDFA. Functional definition and for- 
mulae to compute outputs are given below. 

2(a + b) + c = x + U\ + u 2 + v\ + v 2 - 

C = X©(w 1 ©W 1 )©(w2©f 2 ), b = ( X ® v l)(u! © V X ) ©t>i, 

(a © b) = {{x © v x ) V (ui © ux)) © (x © (m © v x ) © v 2 ){u 2 @v 2 ). 
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To obtain 0(n 3 06 ) complexity bound one can use CSA shown in Fig. 2. 
It contains two isolated MDFA's, which are identical up to encoding of a pair 
of inputs. 



x 2 x 3 



Xi 




X A V 2 U 2 © V 2 V 3 U 3 © V 3 



V\ U\ © V i 



MDFA 















MDFA 



\ \ ° 2 

ci bi ai © bi 

Figure 2: The main CSA 



a 2 © b 2 



The CSA has inputs and outputs of two types: standard bits and pairs 
of bits encoded as (u®v,v). 

Consider the size of formulae implementing inputs and outputs of the 
first type. Denote it by X; for inputs Xi and by Cj for outputs q. To deal 
with inputs and outputs of the second type (u © v,v) introduce a quantity 
max{V, U + /a} where V, U + is the size (or an upper estimate of the size) 
of formulae implementing v and u © v respectively, a is a parameter to be 
chosen later. Denote this quantity by Ui for inputs ©fj, Vj) and by Ai for 
outputs (dj © bi, bi). 

According to (DQ), the following inequalities hold: 

C 1 <X 1 +X 2 + X 3 + aU 1 , 
C 2 <X 4 + aU 2 + aU 3 , 
A 1 <max{X 1 + X 2 + 3X 3 , \X X + \X 2 + f X 3 + ^U x ) , 
A 2 < max {X 4 + (a + 2)U 2 , |X 4 + ^U 2 + ^U 3 } . 

It follows from [5J [7] that if 

X[ + X v 2 + XI + Xl-C{- C v 2 > 0, 

Uf + U p 2 + HI -A{-A*>0, (3) 

for some p > 0, some Xj > and Ui > (and also for some a > 0) then 
L B2 (C n ) = O (n 1 / p+0 ^), see also Appendix. Use upper bounds d2J) instead of 
Cj and Aj to check that inequalities hold when a = 2.906, p = 0.327781, 
Xi = X 2 = 1, X 3 = 0.5149081, X 4 = 1.9198088, U x = 1.2176395, U 2 = 
1.0031176, U 3 = 2.3573055. Consequently, L B2 {C n ) = 0(n 3 - 0509 ). 
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To obtain tighter estimates of the efficiency of MDFA one can split for- 
mally the second type of encoding into several types with different values of 
a (say, uniformly distributed in some segment) and consider a set of MDFA's 
with inputs and outputs of all possible types. However, the implied calcula- 
tion looks rather laborious if not to exploit some additional considerations. 
This observation is already involved partly in the construction of fig. 2: ratio 
of sizes of formulae for x 2 © ^3 and x 2 differs from a. 

To estimate the complexity of a symmetric function consider the following 
sequence of CSA's with standard encoding of bits. In the proposed sequence 
the m-th CSA contains m MDFA's connected in a chain and an outer CSA 
FA 3 (outputs of each MDFA are connected to the inputs v 2 , u 2 ®v 2 of the next 
MDFA in notation of fig. 1). The first CSA in the sequence (m — 1) is the 
CSA from [7]. For m = 4 we get (15, 6)-CSA, which, if taken independently, 
allows to implement C n with the formula of size O(n 3 089 )H 

With the use of this (15, 6)-CSA and method [5] one can implement a 
k-th significant bit of C n with complexity 0(n 2,2285 • 2 fc ). Thus, the bound 
LB 2 {Sn) — 0(n 3,2285 ) follows, see Appendix for proof. 

3 Formulae over Bq 

The present section includes two examples of CSA's which are efficient for 
constructing formulae for C n over B . The first CSA is shown in fig. 3. 
Functional definition of the basic CSA SFA5 (Sorting Full Adder) is similar 
to that of MDFA. Outputs are implemented by formulae: 



tp = xi[ (utVi) V (m Vt>i) V Xi(miWi)(mi V Vi), x = (u2V 2 )(u 2 V v 2 ), 



3 Vector of sizes of outputs of the CSA can be produced from the vector of sizes of 
inputs via multiplication by the matrix 
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c = (xi © (m © Vi)) © (« 2 © v 2 ) = ipx V ipx, 




(4) 



fli&i = Tl(x U U U Vx,U 2 ,V 2 ) = \J T3(xi,Mi,Wi)T 2 J (M 2 ,f2) 



'+:;='! 



= (xi(ui V v x ) V («iVi))(tt2V 2 ) V ari(ttiVi)(«2 V v 2 ), 
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where T% is the threshold monotone function of n variables with the threshold 
k; output ai V bi = T 5 2 (xi, Ui, v i, u 2 , v 2 ) is a function dual to aibx, so it can 
be implemented with the dual formula. 

X\ U\V\ U\ V v i u 2 v 2 u 2 V v 2 

x 2 x 3 



SFA 5 



\ \ a 2 b 2 a 2 V b 2 

c a\b\ a\ V b\ 

Figure 3: Block-diagram of the first CSA 

By analogy with the previous section for inputs Xi, (uiVi, Ui V Vj) and 
outputs c, (cij&j, ^ V bi) consider quantities X h Ui, C, Ai respectively, which 
correspond to the size of formulae implementing Xj, UiVi (or Ui V v j — here 
formulae for components in a pair have equal size), c, Oj&j. 

According to (jl]) the following inequalities hold: 

C < 4Xx + 8Z7i + 4C/ 2 , A 1 <2X 1 + 3U 1 + 2U 2 , A 2 <X 2 + X 3 . (5) 

One can easily check that the condition 

X{ + X v 2 +X p 3 -C p >0 Uf + U* - A\ - AI > 

is satisfied for p = 0.219978, X x = 1, X 2 = X 3 = 0.031702, U x = 1.018913, 
U 2 = 2. As a consequence, LB (C n ) = 0(n 4 ' 546 ). 

In the second example we encode triples of bits u, v, w as an ordered 
triple s = (s', s", s'"), supplemented with a sum s® = u © v © w. Let us give 
formulae to compute the code components: 

s' = mm{u, v, w} = T 3 1 (u, = «Vt)Vw, 

s" = T 3 2 (u, v, w) = («V v)w V uv, 
s'" = max{«, v, w} = T^(u,v,w) = uvw. 

Note that s" and s® are exact bits representing the sum u + v + w. 

CSA of the second example (see fig. 4) contains two (7, 4)-CSA's SFA 7 
and SFA' 7 , differing in encoding of a triple of inputs. 

SFA 7 and SFA' 7 are functionally defined by equalities: 

c x + 2(q[ + q'{ + q'l') = x x + s[ + s'[ + s[" + s' 2 + s' 2 ' + s' 2 ", 
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x 2 x 3 £4 x 5 











SFA 7 




h Qi, 


qf 



C2 92, <?2 

Figure 4: Block-diagram of the second CSA 















SFA' 7 









X 2 + X 3 + X4 + X 5 + S3 + So + S3" 



c 2 + 2(^2 "I" Q2 12 J ~ ■' 2 ~r •< 3 r •« I : •' r, r .-> :5 7 •->;> " •->;> • 

Outputs are implemented with formulae, structurally similar to those for the 
(7,3)-CSA 0: 



Cl 



Xisf V Xis\ 



c 2 = (x 2 © X 3 © £4 © £5) 



V sJf I xisf V ^isf 
: ^s® V V>sf , 



■0 = (£ 2 £ 3 V £ 2 ^3)(^4^5 V £4^5) V (x 2 £ 3 V X 2 X 3 )(X4X 5 V £ 4 £s), 

q[ = T 7 2 (£i,?i,s 2 ) = T^(xi,Si)4 VT 4 2 (£i,Si) V s 2 ', 



g" = T 7 4 (£i, si, s 2 ) 



\/ T^(£i,Si)r|(s2) 
i+j=4 



(6) 



g® = s / 2 T 4 2 (£ 1 ,S' 1 )T 4 4 (£ 1 ,? 1 ) V ^^(ari^OlK^Sk) V 



V s' 2 V 2 " [T£(xi,si) V T| (xi,?i) V s 2 " T 4 3 (xi, ?i) V T 4 1 (£i,si 



Formula for q'" = T®(xx, si, S2) is dual to that for g^ up to substitution 
s 'i by s-". Formulae for g 2 and g® coincide to those for q\ and qf up to 
implementation of the threshold funcion T 4 (x 2 , £3, £ 4 , X5). 

Threshold functions Tl{yi 1 y 2) y 3) y i ) = T 4 (2/i,s) with three of variables 
allowing multiple encoding can be implemented with formulae: 



T 2 

1 A 



T\ = Vi V y 2 V y 3 V 2/4 = 2/1 
/, v 11^(1 i n \/ 11A v ?/,?/■! v 2/32/4 = y\s' V s". 



?4 = Vi V 2/2 V 2/3 V y A 
= (yi V 2/2) (2/3 V 2/4) V 2/12/2 

T^4 : ] • 1 _ 



= l/i V s', 



(7) 



Formulae for T 4 and T 4 are obtained in dual way with substitution s' by s 

According to the construction, formulae for q[ and q"' (q' 2 and g 2 ") have 
the equal size if the same holds for inputs s^, s-". Furthermore, the size of 
formula for qf is twice as much as that for q". 

As above, denote the complexity of formulae implementing inputs £, and 
outputs q by Xi and respectively. For inputs Sj consider the quantity 
Si = maxjS'j', S"/a}, where and characterize the size (to be more 
exact, an upper bound for the size) of formulae implementing s- and s". 
Define quantities Qi for outputs analogously 
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From (JBJ) and (j7|) the inequalities follow: 

d < 4X X + 8aS 1 + 4aS 2 , 
C 2 < 8(X 2 + X 3 + X 4 + X 5 ) + 4aS 3 , 
Q 1 < max {2Xi + (a + 2)S, + (a + 1)S 2 , + + ^S 2 } , (8) 

Q 2 < max {3(X 2 + X 3 + X 4 + X 5 ) + (a + 1)S 3 , 

f(X 2 + X 3 + X 4 + X 5 ) + ^S 3 }. 

With the use of flSJ) it can be checked that the condition 

Xf + X 2 P + Xf + XI + Xf - C{ - Cf > S? + Sf + - Ql - Q p 2 > 

holds for a = 1.6782, p = 0.2204718, X 1 = 1, X 2 = X 3 = X 4 = X 5 = 
0.3569540333, Si = 1.1282983248, S 2 = 2.424317629, S 3 = 1.6884745179. 
Therefore, L Bo {C n ) = 0(n 45358 ). 

The last bound probably can be improved even without constructing 
CSA's more complicated than SFA 5 and SFA^, if one uses all three ways of 
encoding in unique CSA. 

To estimate the complexity of an arbitrary symmetric function consider 
a (17, 6)-CSA with the standard encoding of inputs and outputs, contain- 
ing SFAj and pair of SFA^s in the bottom and (7, 3)-CSA similar to the 
CSA [2j at the top. Non-standard outputs of SFA's are connected to the 
inputs of (7, 3)-CSA0 One can verify that this CSA allows to implement C n 
with complexity 0(n 4 558 ) and a k-th significant bit of C n with complexity 
( n 3.8i83 . 2 fc). So, the bound L Bo (S n ) = 0(n 4MS3 ) follows. 
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Appendix 

To make the presentation complete we provide here a method of constructing 
formulae, which can be also found in (51 El U\- 
1. Implementation of C n . 

Consider a CSA with inputs and outputs of t types of encoding. Let 
Xij and yij denote inputs and outputs of j-th type. Let the size of the 
formula implementing an output yk,i is a continuous, piecewise-linear and 
nondecreasing (with respect to each argument) function of sizes Xij of the 
formulae implementing inputs Xij, where X^, Y^z take on arbitrary real 
non-negative values. Assume that if Y^ < X^ then y^j does not depend on 
Xij. Let the inequalities 




(9) 
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hold for some p > 0, some X^j > and all j = 1, . . . , t. 

We are to show how one can built a formula of size O (n 1 ^ p+ °^) to im- 
plement C n . 

Without loss of generality assume that min{Xjj} = 1 < minjyij}. As 
F's depend on X's continuously there exists such 5 > that for any j 
inequality (EJ) remains true after the substitution X it j and Y id by parameters 
X' { j G [Xij — 5, Xi t j] and Y[- G [Y it j, Yij + S], Then there exist (small 

enough) A > 1 and c§, d£ G Z such thatA<> G [X id - 5, X id ] and \ d li /p G 
[Fjj, Yy + 5] for all z, j. Consequently for any j the following inequality 



holds: 



Note that X di <^ p is a lower bound for Xjj and \ di <^ p is an upper bound for 
Yy. Let us name a number c?^- (respectively djj) level of the input x i; j 
(output Uij). We can assume mxn{d^} = 0. Let d = max{<i^}. 

Formula representing a bit of the function C n can be constructed after 
the following pattern. The formula contains CSA's on different levels. Each 
CSA can receive either inputs of the formula, or outputs of other CSA's, or 
zero formulae as inputs. CSA on a level k receives inputs of j-th type on the 
levels dfj + k and produces outputs of the same type on the levels djj + k. 
The formula receives its nonzero inputs (i.e. symbols of variables) on the 
level d and higher. 

The formula is determined by the number [cnA _fc ] of CSA's on each level 
k, < k < log A n, where c is a constant to be defined later. 

Let us estimate the number of inputs, including zeros, and the number of 
outputs of a type j in the formula. We will omit indices j in the argument 
below as it does not depend on j. 

According to the construction, all outputs of the formula on the levels d 
and lower are zero. A total number of inputs (all zero) on the same levels is 
0(n). Difference between the number of inputs and the number of outputs 
on a level k, d < k < log A n, is 

i i 

= cn\- k (y^ xdf - E xdY j ± °w = ( nX ~ h ) ± 

On the levels higher than log A n the formula receives and produces 0(1) 
inputs and outputs in total. 
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Hence, the formulae receives 0(n) nonzero inputs and produces O(logn) 
nonzero outputs (of j-th type). One can choose c large enough to provide 
not less than n inputs for any j. 

Consider the size of outputs. It follows from the definition of A that 
inputs and outputs on level k are bounded above by A fc / p . Thus the size of 
outputs is A( 1o ^™+°( 1 ))/p = 0{n l /P). 

To implement the C n function one has to take \\og 2 n\ + 1 parallel copies 
of the described pattern, zero some inputs and re-commutate appropriately 
inputs and outputs on each level. Final addition of O(logn) numbers can be 
implemented with an arbitrary polynomial-size formula. So, the overall size 

of the formulae for C n is O (n l l p log *- 1 - 1 n j . 
2. Formulae for symmetric functions. 

Consider a CSA with standard encoding of inputs and outputs. Let x Sji 
and y S} i stand for inputs and outputs of s-th significant bit, s > 0. Let X S) i 
and Y Sj i stand for the size of corresponding formulae. For any s define 

i i 

where we suppose sums over empty set of indices to be zero. Let the inequal- 
ities 

a > 0, J2 a s u ~ S>0 - ( 10 ) 

s 

hold for some p, X St i and v > 1. 

We will show that l-th significant bit of C n can be implemented with a 
formula of size 0((u l n) 1 /P + °^). 

As above, choose an appropriate A > 1 and approximate X Sii and Y Sii 
by integer powers of A preserving ffTOj) (denote the exponents by df^ <ijj. 
Without loss of generality assume min{<i^} = 0. Define d = max{<i^j}. 

Let CSA on the level k and of significance / receive inputs of significance 
s + I on levels + k and produce outputs of significance s + I on levels 
d^i + k. Consider a formula containing \ci ,l n\~ k ~\ CSA's of significance /, 
< / < log 2 n + 1, on a level k, < k < log A (z/'n). Nonzero inputs of the 
formula are received on the levels d and higher, all of significance 0. 

We are to estimate the number of inputs and outputs of significance / on 
level k. If d < k < log A (z/'n), then difference between the number of inputs 
and the number of outputs is 

£ \cv l - s n\<>- h ] - \cu l - s n\<t- h ] = 

s,i s,i 

= cv l n\~ k a s"~ s ± 0{l) = e(v l n\- k ) ± 0(1). 
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On the levels higher than \og x (u l n) the formula receives and produces 0(1) 
inputs and outputs in total. 

Therefore, the formula produces O(logn) outputs of any significance. A 
choice of large enough constant c provides at least n inputs of significance 0. 
Each output of significance / is implemented with a formula of size at most 
A (io gA (^n)+o(i))/ P = o((v l n) 1 / p ). Hence, l-th significant bit of C n can be 
implemented with a formula of size 0{{v l n) 1 l p log *- 1 -* n). 

Assuming v < 2 P we obtain an upper bound 0(n 1+1 / p+ ° ( - 1 * ) ) on the formula 
size complexity of the class S n . The implied formulae are constructed simply 
via representation of a symmetric function as a function of the weight of its 
set of arguments and decomposition along (new) variables. 
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BepxHHe ou,eHKH cjio>khocth (J)opMyji ^jih 

(J)yHKI^HH rOJIOCOBaHHH * 



H. C. CepreeB 



AhHOTJUJIIH 



rioKa3aHO, hto cjiojKHOCTb peajiH3an,HH cpyHKHiiH noflcneTa HHCJia 
eflHHHii; b 6yjieBOM Ha6ope /yiHHbi n cpopMyjiaMH Hafl 6a3HCOM /XByMecT- 
hbix 6yjieBbix cpyHKHHH He npeBocxojxiiT 0(n 3 ' 06 ), a Hafl CTaHflapTHbiM 
6a3HCOM 0(n 4 ' 54 ). KaK cjiejj;cTBHe, Taxne »ce oh^hkh cnpaBefljiHBbi jjyra 
cjiojkhocth jiio6oh noporoBofi CHMMeTpiiHecKoft cpyHKU,HH n nepeivieH- 

HBIX, B HaCTHOCTH, ,I],JIH CpyHKHHH rOJIOCOBaHHH; CJIOJKHOCTB BBIHHCJie- 

hhh npoH3BOJiBHoro pa3pHjj;a nponsBefleHHH n-paspa/nibix jjtohhhbix 
HHceji He npeBocxo/niT 0(n 4 ' 06 ) h 0(n 5 ' 54 ). IIonyTHO nojiyneHBi oueH- 
kh cjiojkhocth npoH3BOjiBHbix CHMMeTpHHecKHX cpyHKiniii n nepeMeH- 
hbix: 0(n 3,23 ) h 0(n 4 ' 82 ) Hafl TeMH jKe 6a3ncaMH. 



1 BBe^eHHe 

B pa6oTe paccMaTpiiBaeTca: cjiojkhoctb peajiii3an;iiii ciiMMeTpHiecKiix 6y- 
jieBbix (pyHKi^iiit cpopMyjiaMH Hafl 6a3iicoM B 2 Bcex ^ByMecTHtix GyjieBbix 
cpyHKHHH 11 Hafl cTaH^apTHtiM 6a3ncoM 5 — }. IIohhthh cpopMy- 

jibi h cjiojkhocth Lb{J) peajiH3aHHH GyjieBofi cpyHKHHH / cpopMyjiaMH Hafl 
6a3iicoM B cm. b |U S]. 

PeKop^Hbie Ha cero^HH BepxHHe oii^hkh cjiojkhocth h rjiy6HHt>i peajin3a- 

HHH CHMMeTpHieCKHX CpyHKHHH KaK CpopMyjiaMH, TaK H CXeMaMH H3 cpyHK- 

irHOHajiBHbix 3jieMeHTOB Hafl nojiHbiMH 6a3HcaMH, onnpaioTca Ha scpcpeKTHB- 
Hyio peajiH3an;HK) BeKTop-cpyHKiniH C n (xi, . . . , x n ) no^cHeTa nncjia e^HHHii; b 



*Pa6oTa BbinojiHeHa npii (pHHaHCOBOii noftn,ep}KKe POOH, npoeKTM 11-01-00508 11 
11-01-00792-a, 11 nporpaMMbi (pyH/jaMeHTajibHbix HCCJieflOBaHiiii OT^ejiemia MaTeivraTH- 
hcckhx nayK PAH «Ajirc6paii i iecKHe h KOM6iiHaTopHbie MeTO/jbi MaTeMaTiinecKOH Kii6ep- 
hgthkh h imcpopMaijHOHHbie ciiCTGMbi HOBoro iioko jiemin » (npoeKT «3aflaHH OnTHMajIb- 
Horo CHHTe3a ynpaBjisromiix ciiCTeM»). 
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GyjieBOM Ha6ope (x±, . . . , x n ). CBe^emie k BBinncneHnio cpyHKirnn C n ncnojiB- 
3yeTC3 npn MHHHMH3annH rjiyGnHbi h cjiojkhocth cpopMyji fljia yMHoxceHHH 

flBOHHHMX HHCejI. 

B cbok) onepe^B, scpcpeKTHBHBie cxeMBi n cpopMyjiBi ^jih (pyHKirnn C n 
CTpoaTca H3 cxeM KOMnpeccopoB (3ana,n;HBiH TepMHH fljis cxeMBi KOMnpeccopa 
- CSA (carry save adder)), (k, /)-KOMnpeccop niiipiiHBi 1 peajiroyeT 6yjieBy 
BeKTop-cpyHKirnio (xi,...,x k ) -> . . . , y{) c ycjioBiieM X] = b j x j, 
rpp k > I, a KOHCTaHTBi aj,6j hbjihiotcji nejiBiMn cTeneHHMH ^tbohkh. (k,l)- 
KOMnpeccop npon3BOJiBHon niHpHHBi CTpoHTca H3 napajiJiejiBHBix Konnn KOM- 
npeccopoB niHpHHBI 1 H n03B0JI3eT CBO^THTB CJIOJKeHHe k HHCejI K CJIOJKeHHK) 
I HHCejI. 

Hcnojib3ya no^xo^Hnine KOMnpeccopBi h MeTOfl [6 J , b pa6oTe [7J noxryneHBi 
on,eHKH L B2 (C n ) = 0(n 3 ' 13 ), L Bo {C n ) = 0(n 4,57 ) yTOHronoiinie H3BecTHBie ,n;o 
sxoro oneHKH L fla (C„) = 0(n 3 ' 32 ) [8J h L Bo (C n ) = 0(n 4 < 62 ) [2j (o 6ojiee 
paHHHx pe3yjiBTaTax cm. b [6J). 

B He^aBHeft pa6oTe [3J nocTpoeH KOMnpeccop (MDFA), no3BOJiHrorixHH 
peajiH30BaTB (pyHKirnio C n cxeMofi Ha,n, 6a3HcoM B 2 peKop^Hoii cjiojkhocth 
4, 5n (,n;o 3Toro GBijia H3BecTHa ouemca cjiojkhocth 5n). 3cp(peKTHBHoe hc- 
nojiB30BaHne KOMnpeccopa [3J npe^ycMaTpnBaeT Ko^npoBaHne HeKOTopBix 
nap 6htob u, v b BH^e (u © t>,t>) (TaKon cnoco6 Ko^npoBaHna npe^yioaceH 
b [9J). BBinrpBini b cjiojkhocth nponcTeKaeT H3 Toro, hto (a) napa (u(Bv,v) 
BBinncjiaeTca He cjio>KHee, neM napa (u, v), (6) Bnocjie^cTBHn bmccto 6nTa u 
Hcnojib3yeTca cpa3y u © v, hto skohomht o^ho GyjieBo cjioaceHne. 

SaMeTHM, hto b cnjiy 3thx yKe npnnnH cjie^yeT ojKH^aTB, hto MDFA 
scpcpeKTHBeH fljia nocTpoemis: cpopMyji. ^encTBHTe jibho , KOMnpeccop no3BO- 
jiaeT ncnojiB30BaTB Ha npoMejKyTOHHBix 3Tanax BBinncneHnn cpopMyjiBi fljis 
u © v, 6ojiee KopoTKne, neM cyMMapHO cpopMyjiBi fljiH u h v, MHHya siBHoe 
BBinojiHeHHe cjioaceHnn u n v . 

YKasaHHoe Ha6jno^,eHHe hchbho y:>Ke HcnojiB30BajiocB npn nocTpoeHnn 
peKop^Horo fljia cjiojkhocth dpopMyn KOMnpeccopa b [7]. 3tot KOMnpeccop 
co^;ep>KHT MDFA, k BBixo^aM KOToporo npncoe^HHeH cTaH^apTHBifi (3,2)- 
KOMnpeccop FA 3 . IipoMexcyTOHHoe Ko^npoBaHne 6htob b Bn^e (u © v , v ) - 
3to pobho to, hto ,n;ejiaeT KOMnpeccop [7J Gojiee scpdpeKTHBHBiM, neM cTaH- 
^apTHBin (3, 2)-KOMnpeccop (nocjie^Hnn no3BOjraeT nojiynHTB on;eHKy 
LB 2 (C n ) = 0(n 3 ' 21 ), k&k noKa3aHo b j6]). 

Bojiee Toro, no toh npnnnHe, hto MDFA skohomht cxeMHyio cjiojkhoctb, 
KOMnpeccop |7j Toace o6jia^;aeT sthm cbohctbom: ero cxeMHaa cjiojkhoctb 
paBHa 14 (cnoco6 peajiH3an;HH (pyHKi^nn b cxeMe HecKOJiBKo oTjinnaeTca ot 
cnoco6a nx peajiH3an;HH b cpopMyjie) nosTOMy oh no3Boji5ieT peajrn30BaTB 
(pyHKi^nio C n co cjiojkhoctbk) (14/3)n. TaKHM o6pa30M, GapBep 5n Mor 6bitb 
npeoflOJieH erne b 90-e rr. 
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EcTecTBeHHo o>KH^aTb, hto KOMnpeccop [;7j He HBjiaeTca onTHMajibHbiM 
cnocoGoM Hcnojib30BaHHH MDFA fljia nocTpoeHHH kopotkhx cpopMyji. ^ajiee 
mm noxajKeM, hto ncnojib3ya: MDFA 6ojiee He3aBHCHMbiM o6pa30M, mojkho 
nojiyHHTB on;eHKy L B2 (C n ) = 0(n 3,06 ). IIpe^jiaraeMbiH cnoco6, o^HaKo, To>Ke 
He HcnojiB3yeT bo3mo>khocth MDFA oriTiiMajiBHo . 

AHajiornHHaa H^ea mojkct 6biTb peajiH30BaHa h b cjiynae cTaH^apTHoro 
6a3Hca. B 3tom cnynae npnMeHHeTca: Ko^npoBaHne nap 6htob u h v ynopa- 
^oneHHbiMH napaMH (uv, uVv). Bbixqubi KOMnpeccopa b CTapninx pa3pH,n;ax 

B TaKOfi KO^HpOBKe HBJIinOTCH MOHOTOHHblMH (pyHKHHHMH BXO^OB (npHHeM 

noporoBbiMH, ecjiH Bee bxo^bi othochtcs k o^HOMy pa3psfly). 3to MoaceT r&- 
BaTb npenMymecTBO, nocKOJiBKy b H3BecTHBix KOHCTpyKiniax KOMnpeccopoB 
Hafl 6a3HCOM B HanGojiee cjiojKHopeajiH3yeMBiMH hbjihiotch HeMOHOTOHHBie 

BblXOflbl. 

Hn>Ke Mbi nocTpoHM (5, 3)-KOMnpeccop SFA5 — aHajior MDFA fljis moho- 
tohhoh Ko^npoBKH 6htob. Hcnojib3yH ero, coBceM npocTO nojiy^HTB oneH- 
xy L Bo (C n ) = 0(n 4 ' 55 ). Hyrb jiyninaa ouemca L Bo (C n ) = 0(n 4 ' 54 ) nojiy- 
nacrca npn noMomn 6ojiee cjiojkhoh KOHCTpyKiniH, ocHOBaHHon Ha (7, 3)- 
KOMnpeccope H3 [2] h mohotohhoh Ko^npoBKe TpoeK 6htob. 

HoBBie OUeHKH CJIOJKHOCTH flJIH (pyHKHHH rOJIOCOBaHHH He npHBCflJIT K 

aBTOMaTHHecKOMy yjiynnieHHio on,eHOK cjiojkhocth peajiH3anHH cpopMyjiaMH 
Kjiacca S n cHMMeTpHHecKHx (pyHKi^HH n nepeMeHHbix, nocKOJiBKy H3BecTHBie 

MeTOflbl [2J |S] OrpaHHHHBaiOT SCpCpeKTHBHOCTb KOMnpeCCOpOB CO BXO^aMH H 
BBIXO^aMH B pa3JIHHHBIX KO^HpOBKaX. 

BnpOHeM, H3 HeCKOJIBKHX 3K3eMnjI5ipOB KOMnpeCCOpOB C H3MeHeHHOH KO- 
^HpOBKOH 6HTOB HeCJIOJKHO nOCTpOHTB KOMnpeCCOpBI CO CTaH^apTHOH KO^H- 

poBKon, npn noMomn kotopbix mcto^om |5] nojiynaiOTca oh<3hkh L B2 (S n ) = 
0(n 3 ' 23 ), L Bo (S n ) = 0(n 4 ' 82 ), yTOHH5iioni,He H3BecTHBie paHee ohchkh 
L B2 (S n ) = 0(n 3 > 30 ) [5], L B2 (S n ) = 0(n^ 7 ) [8], L Bo (S n ) = 0(n 4 ' 85 ) @, 
L Bo (S n ) = 0(n 4 > 93 ) m 

IIo^HepKHeM, hto KOHCTpyKnHH sjieMeHTapHbix KOMnpeccopoB, ncnojib- 
3yeMbie b HacroHineH paGoTe, npHHUHnnajibHO TaKne ace hjih, bo bchkom 
cjiynae, He Gojiee cjioxcHbie, neM KOHCTpyKunn H3 npe^nnecTByioiHHx pa6oT. 
HoBbie oh<3hkh cjiojkhocth nojiyneHbi HCKjnonnTejibHo b pe3yjibTaTe SKcnjiy- 
aTanHH n^en ajibrepHaTHBHon ko^hpobkh 6htob. 

2 KoHCTpyKu,Ha ^jia 6a3Hca B2 

Ha pnc. 1 H3o6pa>KeHa 6jioK-cxeMa KOMnpeccopa MDFA, a Hnace npnBe^eHo 
onpe^ejieHne cpyHKHHOHHpoBaHHH KOMnpeccopa n cpopMyjibi, no KOTopbiM 
BbiHHCjnuoTCH (pyHKHHH Ha ero Bbixo^ax. 
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X 



Vi U X © Vi v 2 u 2 © v 2 



MDFA 



c b a@b 

Phc. 1: BjioK-cxeMa MDFA 



2(a + b) + c = x + ui + u 2 + vi + v 2 . 

c = x@(u 1 @v 1 )@ (u 2 © v 2 ), b=(x® ui)(ui © vi) © ui, 



(1) 

(a © 6) = ((x © «i) V (ux © v^) © (x © («i © «i) © v 2 )(u 2 © v 2 ). 
J^jia. nojiyieHHsi ohchkh cjiojkhocth 0(n 3 ' 06 ) mm HcnojiB3yeM KOMnpec- 

COp, H3o6pa)KeHH£>IH Ha pHC. 2. C TOHHOCTBK) flO KCflHpOBKH BblXOflOB, OH 
COCTOHT H3 A B Y X H30JIHpOBaHHBIX KOMIipeCCOpOB MDFA. 



Xi 




X4 



V 2 U 2 © V 2 V 3 U 3 © V 3 



Mi © Vi 



MDFA 















MDFA 




> t 


2 ^2 


©&2 



ci b\ di © foi 

Phc. 2: KoHCTpyKHHH ocHOBHoro KOMnpeccopa 

KoMnpeccop HMeeT bxo^bi h bbixo^bi ^Byx thtiob: o^hho HHBie 6htbi h 
napti 6htob b Ko^npoBKe (u(Bv,v). 

BxcyiaM h BBixo^aM nepBoro THna nocTaBHM b cooTBeTCTBHe cjiojkhoctb 
peajiH3yiOH];Hx hx cpopMyji, o6o3HanHM ee nepe3 Xi rjik bxo^ob Xi h ne- 
pe3 Cj — flJiH bbixo,hob Cj. Bxo^aM H BBIXO^aM BToporo THna B KO^HpOBKe 
(u(Bv,v) nocTaBHM b cooTBeTCTBHe BejiHHHHy max{V, U + /a}, r,ne V, U + - 
cjiojkhoctb (hjih BepxHHH oiiemca cjiojkhocth) cpopMyji, peajIH3yiOHI,HX COOT- 
BeTCTBeHHo v h u © a a — napaMeTp, kotopbih 6yneT BBi6paH no3^Hee. 
YKasaHHyio BejiHHHHy ^jih BxcflOB {ui © f j, Vi) h bbixo^ob (oj © bi, bi) o6o3Ha- 

HHM Hepe3 Ui H Ai COOTBeTCTBeHHO. 
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CorjiacHO (popiviyjiaM ([Q), cnpaBefljiHBBi cooTHOineHHH: 
C 1 <X 1 + X 2 + X 3 + aU 1 , 
C 2 <X 4 + aU 2 + aU 3 , 



A, < max {X, + X 2 + 3X 3 , \X X + \X 2 + f X 3 + ^U x } , 
A 2 < max {X 4 + (a + 2)U 2 , \ X A + 2 -^U 2 + ^U 3 ) . 



(2) 



H3 [SI E] cjie^yeT, hto ecrrn npn HexoTopoM p > 0, HeKOTopBix > h 
t/j > (a TaK>Ke npn HeKOTopoM a > 0) cnpaBe^jiHBo 



BejiHHHH Cj 11 BepxHiie ohchkh 113 ([2]), mojkho npoBepiiTB, hto Hepa- 
BeHCTBa ([2]) cnpaBe^jiHBBi npii a = 2,906, p = 0,327781, Xi = X 2 = 1, 



X 3 = 0,5149081, X 4 = 1,9198088, U x = 1,2176395, U 2 = 1,0031176, 
U 3 = 2,3573055. Cne^oBaTejiBHo, L B2 {C n ) = 0(n 3 ' 0509 ). 



Hto6bi nojiyHHTb Gojiee tohhbic ohchkh scpcpeKTHBHocTH MDFA, mojkho 

pa36nTB BTOpOH TKTI BXO^OB H BBIXO^OB Ha HeCKOJIBKO THIIOB C pa3JIHHHBI- 

mh sHaneHHaMH a (HanpHMep, paBHOMepHo pacnpe^ejieHHtiMH Ha hckoto- 
poM oTpe3Ke) h paccMOTpeTB Ha6op H3 MDFA-KOMnpeccopoB co Bxo^aMH h 

BBIXO^aMH BCeB03MO>KHBIX THnOB. BnponeM, 6e3 npHBjieneHHs ^OnOJIHHTejIb- 

hbix coo6pa>KeHHH 3to ^ocTaTOHHo TpynpeMKaa BBiHHCJiHTejiBHaa 3a^aHa. B 
Majiofi nacTH yxasaHHoe coo6pa:sceHHe yHTeHO b KOHCTpyKHHH KOMnpeccopa 
pnc. 2: OTHomeHHe pa3MepoB cpopMyji ^jia x 2 © x 3 h x 2 OTjinnaeTca ot a. 

HT06BI OH,6HHTB CJIOJKHOCTb peajIH3aHHH npOH3BOJIBHOH CHMMeTpHHeCKOH 

(pyHKii^HH, paccMOTpHM nocjie^oBaTejibHocTb KOMnpeccopoB co cTaH^apTHofi 

KO^HpOBKOH 6HTOB, B KOTOpOH KOMnpeCCOp C HOMepOM m COCTOHT H3 771 IHTyK 

nocjieflOBaTejibHO coeflHHeHHBix MDFA h BHemHero KOMnpeccopa FA 3 (bbi- 
xo^bi Ka>K^oro MDFA npncoe^KHHioTca ko Bxo^aM v 2 , u 2 © v 2 cjie Jjyiomero 
MDFA b o6o3HaHeHHJix pnc. 1). nepBBiii HjieH stoh nocjie^oBaTejibHocTH 
(m = 1) coBna^aeT c KOMnpeccopoM H3 [7]. IIpH m = 4 nojiynaeM (15,6)- 
KOMnpeccop, kotopbih, b35itbih oT^ejiBHo, no3BOJi5ieT peajiH30BaTB C n cpop- 

MyjIOH CJIOJKHOCTH 0(n 3 ' 089 ). BeKTOp CJIOJKHOCTH BBIXO^OB 3TOTO KOMnpeCCO- 

pa nojiynaeTCii H3 BeKTopa cjiojkhocth bxo^ob yMHOJKeHHeM Ha MaTpnuy 
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x{ + xi + x p + x p -c p 1 -c p 2 >o, 

U p + V* + Ui-A p l -A p 2 >0, 



(3) 




TaioKe npnjiojKeHHe. HcnojiB3yH BMecro 
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IXpuMeHHsi 3tot (15, 6)-KOMnpeccop cnocoGoM [5], k-ft pa3pa^ cpyHKiinn 
C n mojkho peajiH30BaTb co cjioacHocTbio 0(n 2 ' 2285 • 2 k ), oTKy^a nojiynaeM 
LB 2 {S n ) = 0(n 3 ' 2285 ), o6ocHOBamie cm. b npiijicoKemiH. 

3 KoHCTpyKu,Ha ftjin 6a3Hca Bq 

B 9tom naparpacpe mu npuBefleM ^Ba npnMepa KOMnpeccopoB, scpcpeKTHB- 
hbix fljis nocTpoeHHa cpopMyji rjiz C n Hafl 6a3ncoM So- IlepBBiH KOMnpeccop 
H3o6pa>KeH Ha pnc. 3. OyHKnnoHHpoBaHne KOMnpeccopa SFA5, jieacamero b 
ocHOBe flaHHoro npnMepa — Taxoe ace, kbr y MDFA. Bbixo^bi bbihhcjihiotcs 
no cpopMyjiaM: 

c = (xi © (ui © ui)) © (u 2 © f 2) =#V V% 

^ = f(WlVi) V («i V Di)^ V Xl{uxVx){ux V t>i), X = («2"U2)(«2 V t> 2 ), 

aifti = T 5 4 (xi,Mi,fi,M 2 ,f 2 ) = Y T3(xi,Mi,fi)T 2 J (M 2 ,f 2 ) = 

= (xi(ui V Ux) V (u 1 v 1 ))(u 2 v 2 ) V ^(wxDi)^ V D 2 ), 

r,n;e nepe3 T% o6o3HanaeTca: MOHOTOHHasi noporoBan (pymaina n nepeMeH- 
hbix c noporoM k; bbixo,h; ai V&i = Tf (x-i, u x , Vi, u 2 , v 2 ) aBjiaeTca (pymcniieft, 

^BOHCTBeHHOH K a\b\, IT03TOMy peajIH3yeTC2 flBOHCTBeHHOft (popMyjiofi. 
X\ U\V\ U\ V V\ U 2 V 2 U 2 V V 2 

3^2 ^3 



SFA 5 



T \ a 2 b 2 a 2 V 6 2 

c ai&i ai V 61 

Pnc. 3: BjioK-cxeMa KOMnpeccopa H3 nepBoro npnMepa 

Flo aHajiornn c npe^Bi^yinnM naparpacpoM Bxo^aM Xi, (v,iVi, Mj V Vi) n 
Bbixo^aM c, (ciibi, ai V 6j) nocraBHM b cootbctctbhc BejinnnHbi Xi, Ui, C, 
Ai, xapaKTepHsyiomne cjiojkhoctb cpopMyji, peajiH3yiom;HX Xj, U{Vi (hjih w^V 
— b paccMaTpnBaeMOM npnMepe cpopMyjibi rjik sjieMeHTOB napti hmgiot 
o^HHaKOBbin pa3Mep), C, CLibi. 

H3 cpopMyji (jlj) BbiTeKaioT cooTHonieHHH: 

C < AX 1 + W x + AU 2 , A x < 2X X + 3Ui + 2C/ 2 , A 2 <X 2 + X 3 . (5) 
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KaK MOJKHO npOBepHTb HCXO^H H3 3THX HepaBeHCTB, yCJIOBHe 

X p + X p 2 + X p -C p >0 U[ + U p -A p -A p >0 

BBinojiHeHo npn p = 0, 219978, X t = 1, X 2 = X 3 = 0, 031702, U x = 1, 018913, 
U 2 = 2. Gne^oBaTejiBHo, L Bo (C n ) = 0(n 4 ' 546 ). 

Bo BTopoM npHMepe mbi HcnojiB3yeM Ko^iipoBamie TpoeK 6htob u, v, 
w b BH^e ynopH^oneHHoro Ha6opa Is — (s', s", s'"), ^onojmeHHoro cyMMofi 
s® = u © v © w. IIpHBefleM cpopMyjiBi ,zyiH BBiHiicjieHiisi KOMnoHeHT Ko^;a: 



s' = min{w, v, w} = T^(u, v, w) — u V v V w, 

s" = Tg (u, v, w) — (t/V f )u> V -ut> , 
s'" = max{w, v, w} = T^(u,v,w) = uvw. 

OTMeTHM, HTO s" H S® JIBJIJHOTCS B TOHHOCTH 6llTaMH CyMMbI tt + f + W. 

KoMnpeccop H3 BToporo npiiMepa (cm. pnc. 4) coctoht H3 ppyx (7, 4)- 

KOMnpeCCOpOB SFA7 H SFA' 7 , OTJIHHaiOIHHXCH TOJIBKO KO^IipOBKOH O^HOH H3 

rpynn bxo^ob. 



Xi 



si, sr 



S2, *2 











SFA 7 




'1 5i, 


5® 



X 2 X 3 X 4 X 5 S3, S3 















SFA' 7 









C 2 92, ?2 

Phc. 4: BjioK-cxeMa KOMnpeccopa 113 BToporo npHMepa 
OyHKi^HOHnpoBaHHe KOMnpeccopoB SFA7 h SFA' 7 onpe^ejiHioT cooTHOine- 



HH2: 



1 O/ / 1 "1 W\ 1 '1 "1 '"1 '1 "1 w 

Ci + 2(q 1 + q 1 + q 1 ) = x\ + s 1 + s 1 + s 1 + s 2 + s 2 + s 



2 • 



c 2 + 2(g 2 + q' 2 ' + q' 2 ") = x 2 + x 3 + x 4 + x 5 + s' 3 + s 3 ' + s' 3 ". 
Bbixo^bi bbihhcjihiotch no cpopMyjiaM, CTpyKTypHO TaKHM ace, KaK cpopMyjiBi 
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fljia (7, 3)-KOMnpeccopa [2J: 

d = (xi © ) © = sf (xisf V xisf J V sf (xxsf V Xisf) , 

c 2 = (z 2 © x 3 © x 4 © x 5 ) © sf = V>sf V ^sf , 
%fj = (x 2 x 3 V X2X 3 )(x 4: x 5 V X4X5) V (x 2 x 3 V x 2 x 3 )(a;4a;5 V £4X5), 

q[ = T 7 2 (xi, si, s 2 ) = T|(a;i,si)s2 VT 4 2 (xi,si) V s 2 , (5) 
g» = T 7 4 (xi,si,s 2 ) = Y T4(xi,si)T|(s 2 ), 

i+i=4 

gf = s' 2 Tj( Xl , si)T 4 4 ( x 1; 5j) V s' 2 s'j Tl(x u sjTfjxi, ?Q V 
V s 2 Vf (t 4 4 (x!,?!) V T 4 2 (xi,?i)) V s' 2 " (rf si) V TiOri,?!)) . 

OopMyjia fljia g"' = T^xi, Si, s 2 ) nojiynaeTca ^BoftcTBeHHBiM o6pa30M no 
OTHOineHHio k cpopMyjie fljia q[ c 3aMeHoft s' { Ha sf. OopMyjiBi ^jia g 2 h gf 
ycTpoeHM aHajiorHHHo cpopMyjiaM rjik gi h gf , oTjinnaacB tojibko peajiroa- 

HHefi noporOBMX (pyHKHHH T4(x 2 , X3, X4, £5). 

IloporoBbie (pyHKH,HH Tl(yi, y 2 , ys, IJ4) = Tl(yi,s) neTBipex nepeMeHHBix, 

TpH H3 KOTOpBIX MOryT 3a^aBaTBCH B pa3HBIX KO^HpOBKaX, peajIH3yK>TCS 

cpopMyjiaMH: 

T\ = V\ V y 2 V y 3 V y 4 = 2/1 V s', , . 

T 4 2 = (2/1 V y 2 )(j/ 3 V y 4 ) V y m V 2/3Z/4 = Vis' V s". 1 j 

OopMyjiBi fljia T 4 h T 4 nojiynaioTca ^bohctbghhbim o6pa30M c 3aMeHoit s' 
Has'". 

Ilo nocTpoeHHio, (popMyjiBi fljia g^ h g"' (g 2 h g 2 ') HMeioT o^HHaKOByio 
cjiojkhoctb npn ycjioBHH, hto to ace BepHO fljia bxo^ob S-, s"'. KpoMe Toro, 
CJIOJKHOCTB CpOpMyjIBI flJIH qf B^Boe GojiBHie, HeM cjiojkhoctb (popMyjiBi flJIS 

Kax h BBinie, 6yn;eM o6o3HanaTB nepe3 Xi h C$ cjiojkhoctb cpopMyji, pe- 

ajIH3yiOHIHX BXOflbl Xi H BBIXO^BI Cj COOTBeTCTBeHHO. BxO^aM Sj nOCTaBHM 

b cooTB6TCTBHe B6JiHHHHy S'j = maxIS 1 -, S"/a}, rfle BejiHHHHBi 5^ h S"f xa- 
paKTepH3yioT cjiojkhoctb (TOHHee, BepxHioio on,eHKy cjiojkhocth) cpopMyji, 
peajiH3yroin;Hx s- h s". AHajiorHHHo onpe^ejiHM BejiHHHHBi Qi, cooTBeTCTBy- 
ronine BBixo^aM gj. 

H3 ([6]) c yneTOM ([7]) cjie^yiOT coothohi6hhh : 

d < 4Xi + 8aSi + 4aS 2 , 
C 2 < 8(X 2 + X 3 + X 4 + X 5 ) + 4«^ 3 , 
Qx < max {2X X + (a + 2)S 1 + (a + 1)S 2 , ^X, + + ^S 2 } , (8) 

Q 2 < max {3(X 2 + X 3 + X 4 + X 5 ) + (a + 1)S 3 , 

f(X 2 + X 3 + X4 + X 5 ) + ^S 3 }. 
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Hcnojib3ya flS}, mojkho npoBepnrb, uto ycjioBue 

X{ + XI + XI + X\ + Xf - Cf - Cf > S? + Sf + Sf - Q? - > 

BbinojmeHo npn a = 1, 6782, p = 0, 2204718, X x = 1, X 2 = X 3 = X 4 = X 5 = 
0,3569540333, S x = 1,1282983248, S 2 = 2,424317629, S 3 = 1,6884745179. 
CjieflOBaTejibHo, L Bo (C n ) = 0(n 4,5358 ). 

BepoaTHO, 3Ty oueHKy mojkho yjiynniHTB ,n;a>Ke 6e3 npHBjieueHHa Gojiee 

CJIOJKHBIX, HeM SFA5 H SFAj, KOHCTpyKITHH , eCJIH HCnOJIB30BaTB Bee Tpn 

cnoco6a ko^hpobkh 6htob b o^hom KOMnpeccope. 

OUeHKH CJIOJKHOCTH npOH3BOJIBHOH CHMMeTpHUeCKOH (pyHKI^HH paC- 

CMOTpiiM (17, 6)-KOMnpeccop co cTaH^apTHofl Ko^rnpoBKoft 6htob, cocTaBjieH- 
hbih H3 KOMnpeccopa SFAj h ^,Byx KOMnpeccopoB SFA& b ocHOBaHHH, yno- 
pa^oneHHbie TpofiKa h ^Be napbi bbixo^ob KOTopbix npncoe^HHeHbi ko bxo- 
,naM (7, 3)-KOMnpeccopa, KOTopbifl peajiireyeTca b crime [2]. BeKTop cjiojkho- 
cth BbixcflOB 3Toro KOMnpeccopa nojiyuaeTca H3 BeKTopa cjiojkhocth bxo^ob 
yMHoxeHHeM Ha MaTpniry 
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Mojkho npoBepHTb, hto TaKoft KOMnpeccop no3BOJiaeT peajiH30BaTB cpyHK- 

UHIO C n CO CJIOJKHOCTBIO 0(?7. 4 ' 558 ) H OT^ejIBHO fc-H pa3pa^ 3TOH CpyHKITHH - 

co cjiojKHocTbio 0(n 3,8183 • 2 k ) , oTKyna nojiyuaeM LB (S n ) = 0(n 4 ' 8183 ). 
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IlpHjic>;>KeHHe 

B 9TOM pa3^ejie flJIH nOJIHOTbl H3JIO}KeHHS: MM npHBO^HM MeTO^ nocTpoeHHH 

cbopMyji. Ero mojkho TaiQKe Hairm b [5j [6j [7]. 
1. PeajiH3au,HH cJjyHKipra C n . 

riycTt. Bxo,a;i>i ii Bbixo^ti HeKOToporo KOMnpeccopa othocstch k o^HOMy 
H3 t THnoB. 06o3HauHM uepe3 Xij Bxoflbi, a uepe3 y^j — bbixo^bi j-vo rana. 
LTycTb pa3Mep Y^i cbopMyjibi, peajiH3yioiiieH bbixo^i; y^j, HBjiaeTca Henpe- 
pbiBHofi KycouHO-JiHHeiiHOH o^Hopo^Hofi h HeyGbiBaromen no Kaac^oMy ap- 
ryMeHTy cbyHKniieft pa3MepoB Xi j cbopMyji, peajiH3yioiiiHx bxo^bi Xij, r^e 
BejinuHHbi X^, Yk^i MoryT npnHHMaTb npon3BOJiBHbie HeoTpnn;aTejibHbie Be- 
mecTBeHHbie 3HaueHHH. LTpn stom ecjin Y^i < X t j, to y^j He 3aBncnT ot Xij. 
IlycTb npn HeKOTopoM p > h HeKOTopbix X^j > npn juoGom j = 1, . . . , t 
BbinojiHHeTca 

i i 

LToKa>KeM, Kax nocTponTb cbopMyny fljia C n cjiojkhoctii O (n 1 / p+0 ( 1 ') . 

Be3 orpaHHueHHs o6iu,hocth mojkcm cuirraTb, uto mm{X ij} = 1 < 
minjlij}. B cnjiy HenpepbiBHofi 3aBHCHMocTH Yij ot Xij Hafi^eTCH Taxoe 
5 > 0, uto npn jiioGom j HepaBeHCTBo ([9]) ocTaeTca cnpaBe^jiHBbiM npn no,n,- 
CTaHOBKe b Q napaMeTpoB X[ - e [Xij — 5, X^j] h Y(- e [Yij, Yij + 5] BMecTO 
cooTBeTCTByioiu;Hx Xij h Yij. Tor^a Hafl^eTca (^ocTaTouHo Majioe) A > 1, 
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fljia KOToporo cymecTByioT dfp djj G Z TaKiie, hto X d ^^ p e [X it j — 5, X it j] n 
X d i, 3 /p g [y^ _|_ (5] ^ Jia Bcex i ; j. Cjie,noBaTejiBHo, npn jiioGom j HMeeM 

i i 

npnneM \ di <^ v hbjihctch ohchkoh cHH3y ^jih Xij, a \ d ^^ p hbjihctch on,eHKOH 
CBepxy ,h;jih Y^-. Ha30BeM hhcjio dfj (cooTBeTCTBeHHo d\J) ypoBHeM Bxo^a 
(Bbixo^a Uij)- Mbi Mo>KeM nojiaraTB, hto min{d^} = 0. IlycTB d = max{d^-}. 

OopMyjiy, peajiH3yiomyio npoH3BOJiBHBiii pa3pH,n (pyHKinin C n , rroerpoHM 
no cjie^yiomeMy niaGjiOHy. OopMyjia CTponTCH H3 KOMnpeccopoB, pacnojio- 
>KeHHBix Ha pa3jiHHHBix ypoBHJix: Bxo^aMH KOMnpeccopoB MoryT 6bitb bxo/tbi 

CpOpMyjIBI, BBIXO^BI KOMnpeCCOpOB, paCnOJIOJKeHHBIX Ha ypOBHHX C MeHBniHMH 

HOMepaMH, a TaKJKe TOJK^ecTBeHHo HyjieBBie cpopMyjibi. KoMnpeccop, pacno- 
jioJKeHHBin Ha ypoBHe k, npnHHMaeT bxo/xbi Tnna j Ha ypoBHHX df^ + k h npo- 
h3bo^ht bbixo^bi cooTBeTCTByiornero Tnna Ha ypoBHHx djj + k. HeHyjieBBie 
bxojtbi cpopMyjiBi (t.c chmbojibi nepeMeHHBix) pacnojiaraioTCH Ha ypoBHsx d 
h BBinie. 

Ha Kaac^oM ypoBHe k cpopMyjiBi, < k < log A n, pacnojiaraeTCH |~cnA~ fc ] 
KOMnpeccopoB, r^e c — HeKOTopan KOHCTaHTa, KOTopaa 6yneT onpe^ejieHa 
no3,zniee. 

OneHHM hhcjio bxo^ob, BKjnonaH TOJK^ecTBeHHO HyjieBBie, h hhcjio bbi- 
xo^ob Ka>K^;oro Tnna j b cxeMe. IIocKOJiBKy cjie,n,yioru;ee paccyac^eHne He 

3aBHCHT OT j, HH^eKC j B HeM onycTHM. 

IIo nocTpoeHHio , Bee bbixo^bi cxeMBi Ha ypoBHHX MeHBnie d hbjijuotcji 
HyjieBBiMH. CyMMapHoe hhcjio bxo^ob (Bee ohh HyjieBBie) Ha Tex >Ke ypoBHax 
ecTB 0{n). Ha ypoBHe k, d < k < log A n, pa3HocTB MeyKpy hhcjiom bxo/i;ob h 
hhcjiom bbixo^ob ecTB 

J2 \cn\ d ?- k ] - J2 \cn\ d *- k ] = 

i i 

= cn\~ k X ^ ~ X ^ ± °W = ( nX ~ k ) ± 
Ha ypoBHHx BBinie log A n cxeMa cyMMapHo npnHHMaeT n iipoH3Bo^HT 0(1) 

BXO^OB H BBIXO^OB. 

TaKHM o6pa30M, cxeMa HMeeT G(n) HeHyjieBBix bxo^ob h npoH3Bo^HT 
O(logn) HeHyjieBBix bbixo^ob (j-ro Tnna). BBiGnpaa ^ocTaTOHHo GojiBnioe c, 
mojkho ^o6htbch, hto6bi hhcjio bxo^ob Gbijio He MeHBnie n npn jiioGom j. 

OneHHM pa3Mep bbixoji;ob. CorjiacHo BBi6opy A, pa3Mep (popMyji Ha ypo- 
BHe k oueHHBaeTCJi CBepxy KaK A fc / p . CjieflOBaTejiBHo, cpopMyjiBi, peajiH3yio- 
inne bbixo^bi, hmciot cjiojkhoctb He BBinie A^ logAn+0 ^^/ p = 0(n l l p ). 
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OyHKirna C n peajiH3yeTCH nocpe^cTBOM |_log 2 n\ +1 napajuiejiBHBix Konnn 
onncaHHoro inaGjioHa, b kotopbix HeKOTopbie Bxoflbi oGHynsiorca, h BBinoji- 
H5I6TC5I no^xo^amaa nepeKOMMyTanna BxoflOB n bbixo^ob Ha KaJK^OM ypoBHe. 
3aKJiK)HHTejibHoe cjio>KeHHe O (log n) nnceji mojkho peajiH30BaTb npon3BOJib- 
Hoii (popMyjioli nojiHHOMHajibHoii cjiojkhocth, nosTOMy OKOHnaTejiBHO cjiojk- 

HOCTb BBinncjieHHH C n ou;eHHBaeTca KaK O (^n 1 ^ log *- 1 - 1 n^j . 

2. PeajiH3au,HH CHMMeTpHnecKHx {pyHKipiii. 

PaccMOTpHM KOMnpeccop, hmcioiiihh Bxo^bi h bbixo^bi o^Horo Tnna. He- 
pe3 x St i n y S} i o6o3HanHM bxo^bi h bbixo^bi b s-m pa3pa,ne, s > 0, nepe3 X s ^ n 

y S) j o6o3HaHHM pa3Mep COOTBeTCTByiOinHX CpOpMyjI. IIpH JII060M S nOJIOJKHM 

i i 

Tflfi CyMMBI no nyCTOMy MHOJKeCTBy HH^eKCOB C HHTaiOT C5I paBHBIMH HyjIK). 

IlycTB npn HeKOTopBix p, X s i n v > 1 BBinojmeHBi HepaBeHCTBa 

a >0, ^2a s u- s >0. (10) 

s 

IloKa>KeM, hto Z-n pa3pa,n; (pyHKnnn C n mojkho peajiH30BaTB cpopMyjiofl cjiojk- 
hocth 0((u l n) 1 / p+0 ^). 

KaK n b npe,n;Bmyni;eM nyHKTe BBi6epeM no^rxo^ainee npn6jin:>KeHiie fljia 
X Sj i ii Y Sj i b BH^;e n;ejiBix cTeneHeii A > 1, coxpaHJHomee HepaBeHCTBa f fTUj) 
(noKa3aTejiH CTeneHefi: o6o3HaHHM cooTBeTCTBeHHo nepe3 df i: djj). Be3 orpa- 
HHHeHna oGiuhocth cnnTaeM, hto min{<i^} = 0. 06o3HaHHM d = max{dj i }. 

IlycTb KOMnpeccop pa3pa,n;a I h ypoBHs k npHHHMaeT bxo^bi pa3pa^a s + / 
Ha ypoBHax df { + k h npoH3Bo^HT bbixo^bi pa3pa^a s + Z Ha ypoBHax + /c. 
OopMyjiy nocTpoHM no cxeMe, b KOTopoft npn jiioGom I, < / < log 2 n + 
1, Ha ypoBHe k, < k < log A (z/'ri), pa3MemeHO \cv l n\~ k ^ KOMnpeccopoB. 
HeHyjieBBie bxoabi cpopMyjiBi pacnojiaraioTcs b HyjieBOM pa3pa^e Ha ypoBHsx 
d h BBinie. 

Ohchhm hhcjio bxoaob h bbixo^ob, OTHOcainnxca k ypoBHio k n paspa^y I. 
Ecjih d < k < log A (z/'n), to pa3HOCTB Me^yry hhcjiom bxo^ob h hhcjiom 

BBIXO^OB eCTB 

s,i s,i 

= cu l n\~ k a s"~ s ± 0(1) = G(v l n\- k ) ± 0(1). 

s 

Ha ypoBHax BBinie \og x (i> l n) cxeMa cyMMapHo npnHHMaeT h npoH3Bo^HT 0(1) 

BXO^OB H BBIXO^OB. 
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Cjie^oBaTejibHo, cxeMa b Ka>K^;oM pa3pn,ae npoH3Bo,n;HT O(logn) bbixo- 
flOB. no^xo,nHiHHH BbiGop KOHCTaHTBi c o6ecneHHBaeT He MeHee n bxo^ob 
b HyjieBOM pa3pa,ne. OopMyjibi, peajiH3yioiirHe Bbixo^bi b pa3pH,n,e /, hm6iot 
cjio>KHocTb He Bbinie A^ logA ^ n )+°( 1 ))/p = 0((u l n) 1 ^ p ). Kax cjie^cTBHe, /-ft pa3- 
psfl cpyHKHHH C n peajiH3yeTcs cpopMyjioii cjiojkhocth O ( (u l n) log *- 1 - 1 n). 

Ecjih v < 2 P , to peajiH3an;HH Kjiacca S n (popMynaMH nojiynaeM ou,eH- 
Ky cjiojkhocth O (n 1+1 l p+ °^ ) : cuMMeTpuHecKaa cpyHKHHH npe^CTaBjineTCH 
KaK cpyHKHHH cyMMbi cbohx apryMeHTOB — rjik stoh cpyHKHHH cpopMyjia 
CTpoHTCH MeTo,n;oM nocjieapBaTejibHoro pa3Jio:>KeHHH no (hobbim) nepeMeH- 

HblM. 
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